Recent numerical studies of the J 1 -J 2 model on a square lattice suggest a possible continuous phase transition between the Néel state and a gapped spin-liquid state with Z 2 topological order. We show that such a phase transition can be realized through two steps: First bring the Néel state to the U(1) deconfined quantum critical point, which has been studied in the context of Néel -valence bond solid (VBS) state phase transition. Then condense the spinon pairskyrmion/antiskyrmion bound state, which carries both gauge charge and flux of the U(1) gauge field emerging at the deconfined quantum critical point. We also propose a Schwinger boson projective wave function to realize such a Z 2 spin liquid state and find that it has a relatively low variational energy(−0.4893J 1 /site) for the J 1 -J 2 model at J 2 = 0.5J 1 . The spin liquid state we obtain breaks the fourfold rotational symmetry of the square lattice and therefore is a nematic spin liquid state. This direct continuous phase transition from the Néel state to a spin liquid state may be realized in the J 1 -J 2 model, or the anisotropic J 1x -J 1y -J 2 model.
A spin liquid state has been searched for both theoretically and experimentally for decades, especially for the purpose of understanding the novel mechanism of high-T c cuprates 1 . One of the most interesting and relevant models is the J 1 -J 2 spin-1/2 antiferromagnetic Heisenberg model on a square lattice, since the frustration induced by the J 2 term in the J 1 -J 2 model might mimic the frustration induced by the hopping term in the t-J model, which has been believed to be the low-energy effective model of high-T c cuprates 2 . According to Anderson's resonating valence bond (RVB) scenario 3 , the potential spin liquid state in the J 1 -J 2 model might be the most important low-energy metastable state of cuprates and the superconducting ground state will be naturally developed upon doping 4 . On the other hand, the J 1 -J 2 model can be realized in many frustrated magnets 5, 6 ; thus investigating the phase diagram of such a simple model would be of great importance by itself. Previous theoretical studies using the mean-field theory have found a possible Z 2 spin liquid phase in the J 1 -J 2 model [7] [8] [9] . Very recently, a spin liquid ground state has been observed in the maximal frustrated region(J 2 ∼ 0.5J 1 ) by numerical studies 10, 11 . The discovered spin liquid ground state has gaps in both spin singlet and triplet channels, and a universal constant γ ln 2 in the entanglement entropy. These signatures indicate a gapped spin liquid with Z 2 topological order. Moreover, the numerical studies also show evidences for a continuous phase transition between the Néel state with antiferromagnetic ordering at the wave vector (π, π), and the (possible) Z 2 spin liquid state.
Studies of quantum phase transitions between quantum spin liquid phases and adjacent phases are important for the understanding of the spin liquid states, as they provide vital information on the effective field theory description of the spin liquid and also predict universal behaviors that can be compared with experimental and numerical results. However, in the past there has been no theory that can describe a continuous phase transition between the Néel state and a Z 2 spin liquid state in a model with the SU(2) spin rotational symmetry. Particularly, the theory of deconfined quantum criticality indicates that killing the antiferromagnetic order in the Néel state does not result in a symmetric paramagnetic state but a valence bond solid (VBS) state 12, 13 . On the other hand, starting from a bosonic Z 2 spin liquid state, one can bring it to an antiferromagnetic state through a continuous phase transition by condensing the spinon excitations, but the resulting antiferromagnetic state has a noncollinear order 14, 15 , rather than the collinear order that the Néel state has.
It is not until the work by Moon In this work, we study the continuous phase transition between the Néel and the Z 2 spin liquid state on square lattice starting from the Néel state. We propose that the critical point of this phase transition is described by the same deconfined quantum critical theory that is also applicable to the critical point between the Néel and the VBS order. As a motivation,
we consider a J 1 -J 2 -Q model that contains both next-nearest-neighbor interaction temrs and plaquette ring-exchange terms with coefficient Q. When Q = 0, this model is reduced to the J 1 -J 2 model which has a phase transition from the Néel to the Z 2 spin liquid phase.
When J 2 = 0, the J-Q model has been studied by the quantum Monte Carlo method 17 and it realizes the continuous phase transition from Néel to VBS phase described by the deconfined quantum critical theory. Based on these two limits we can conjecture a possible phase diagram of the J 1 -J 2 -Q model, as illustrated in Fig. 1 , assuming that there are no other phases between the two limits and all phase transitions are of second order. In the phase diagram the phase boundaries between the Néel and the VBS state and between the VBS and the Z 2 spin liquid state 13 are both described by the theory of deconfined quantum criticality. As these two phase boundaries are connected to the phase boundary separating the Néel and the spin liquid state, it is likely that the latter is also described by the same deconfined quantum critical point. We note that a numerical study on the J 1 -J 2 -J 3 model
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gives evidence for a similar phase diagram that contains the Néel phase, a plaquette VBS phase and possiblely a Z 2 spin liquid phase.
Moreover, we propose that the Z 2 spin liquid state is obtained from the deconfined quantum critical point by condensing the spinon pair-skyrmion/antiskyrmion bound state. In the theory of deconfined quantum criticality, the effective theory of the critical point is a CP(1) model that contains a spin- spinon field coupling to an emergent U(1) gauge field.
Starting from this deconfined quantum critical point, one can gap out the spin excitations by proliferating topological defects known as the skyrmion and drive the system into the VBS state. On the other hand, one can also obtain a Z 2 spin liquid state by condensing a pair of spinon excitations, which acts as a Higgs field carrying gauge charge 2e of the emergent U(1) Along the x axis Q = 0 and the model reduces to the J 1 -J 2 model, which has a continuous phase transition between Néel and Z 2 spin liquid states 10, 11 . Along the y axis J 2 = 0 and the model reduces to the J-Q model, which has a continuous phase transition between Néel and VBS order 17 .
The solid lines show phase boundaries described by the deconfined quantum criticality 12, 13 , and the dashed line shows the phase boundary that is the subject of this study, in which we propose that it can also be described by the deconfined quantum criticality.
gauge field 14 . To achieve these two goals simultaneously, we propose a scenario where a Z 2 spin liquid state can be obtained from the deconfined quantum critical point by condensing the the spinon pair-skyrmion/antiskyrmion bound state.
One interesting feature of the Z 2 spin liquid state obtained in our study is that it breaks the four-fold rotational symmetry of the square lattice, or in other words it is a nematic spin liquid. This result is obtained by a symmetry analysis in Section I, and it is consistent with previous mean field studies [7] [8] [9] . Therefore we predict that on the square lattice if a gapped Z 2 spin liquid state is separated from the Néel state by a continuous phase transition, the spin liquid state should be nematic. We would like to emphasize that our theoretical study is generic and is not tied to any particular model Hamiltonian, though numerical evidences strongly suggest that it is very likely to be realized in the J 1 -J 2 model and the anisotropic J 1x -J 1y -J 2 model. A detailed discussion will be presented in Section IV and V. spinon fields coupled to an emergent non-compact U(1) gauge field. The CP(1) model has the following Lagrangian,
where z α is a bosonic spinon field carrying spin-
and it is related to the Néel order parameter
The gauge field a µ in Eq. (1) is an emergent U(1) gauge field.
Another important part in the deconfined quantum criticality is the topological excitation in the Néel state, called the skyrmion. Skyrmion excitations are characterized by the skyrmion number Q, a topological invariant of the spatial configuration of the Néel order parameter n, defined as the following,
The physical meaning of Q is the total number of skyrmion excitations, and it is conserved for smooth space-time configurations of n. However, in a lattice model, singular configurations of n with tunneling events between configurations with different skyrmion numbers are allowed. Therefore, in an effective theory, one needs to add by hand skyrmion creation and annihilation events. In the CP(1) model, skyrmion excitations are related to the gauge flux of a µ because of the following relation,
Hence we can relate skyrmion excitations to 2π flux quanta of the a µ gauge field. The existence of skyrmion tunneling events is then equivalent to the existence of monopole events in the space-time configuration of the gauge field, or to the fact that the gauge field is compact.
The key result of the deconfined quantum criticality theory is that the skyrmion creation and annihilation events are irrelevant at the critical point, or in other words, the emergent U ( Table I .
As a result, v can be related to the following linear combination of the order parameters of columnar VBS states since they have the same symmetry transformations
where v x and v y denote the order parameters for columnar VBS states in the x and y direction respectively. Hence the condensation of v leads to lattice symmetry breaking and therefore a VBS order.
Next, we discuss the scenario of obtaining a Z 2 spin liquid state from the deconfined quantum critical point through condensing a bound state of a skyrmion/antiskyrmion and a spinon pair. Starting from the deconfined quantum critical point, which has an emergent U(1) gauge field, a generic way of obtaining a Z 2 state is to condense a Higgs field that carries gauge charge 2e 14 . On the other hand, in order to kill the Néel order, we will need to condense the skyrmion field. Consequently, we consider condensing a bound state of these two excitations, which can be expressed as a product of the two operators.
In the CP(1) model, a natural candidate of a charge-2e Higgs field is a pair of spinons.
Since we are trying to get a spin liquid state, the Higgs field must be a spin singlet. Hence the field must contain at least one spatial derivative 14 . The possible forms at the lowest order are,
Now we can write a bound-state operator as a product of skyrmion/antiskyrmion and spinon pair operators in Eq. (5) One complication in the symmetry analysis of the bound-state operator is that because of the gauge charge it carries, it can carry a projective representation of the symmetry group 22 , and therefore does not need to be in the trivial representation to be invariant under a symmetry operation. Particularly, the skyrmion operator acquires a non-trivial phase under the translation and condensing the skyrmion breaks the translational symmetry 13 .
However, although the bound-state operator acquires the same phase under translation, such a phase can be canceled by a U(1) gauge transformation and the spin liquid state can still be translational invariant. Consequently, by condensing a bound state instead of the skyrmion alone, the translational symmetry is restored and a spin liquid state instead of the VBS state is obtained. As an example, consider the v x component of the skyrmion operator v, as defined in Eq. (5), which acquires a minus sign upon translation in the x direction,
and such symmetry transformation results in the translational symmetry breaking of the VBS states obtained by condensing v x . On the other hand, the product of u i and v x carries gauge charge 2e, and the minus sign that appears in Eq. (7) can be canceled by a gauge transformation of z α → iz α . Therefore the state obtained by condensing u i v x does not break the translational symmetry.
Because of the gauge covariance of the bound-state operator, we need to study its PSG property to fully understand the symmetries it has. The symmetry transformations of the CP(1) field, the skyrmion, and spinon pair operators are summarized in Table I . A summary of symmetry transformations of the CP(1) field can be found in Ref. 26 , and the symmetry transformations of skyrmion operators are explained in Ref. 13 . Our aim is to find a bilinear form of u and v fields that is invariant [up to a U(1) gauge transformation] under all symmetry operations. However, this cannot be achieved, as R π/2
and T x do not commute. In other words, condensing a bound state of skyrmion/antiskyrmion and spinon pair will break either the reflectional symmetry or the rotational symmetry. It is more natural that we choose to break the rotational symmetry, as breaking the translation enlarges the unit cell and allows the possibility of a trivial paramagnetic ground state 27 .
In the rest of the paper we will consider only Z 2 spin liquid states where the C 4 rotational symmetry of the square lattice is broken down to C 2 . In other words, the spin liquid states we obtain in this paper are nematic spin liquid states. The possibility of obtaining a nematic Z 2 spin liquid state in the J 1 -J 2 model on a square lattice will be discussed in more details in Sec V.
Finally, we fix the form of bound-state operator by considering the requirement of reflection symmetry. The square lattice has reflection symmetries with respect to both the x and y axes, and the diagonal direction of x ± y. When the four-fold rotation symmetry is broken, only one set of reflection symmetries can be preserved. Here we consider states with reflection symmetries about the x and y axes, since these states have the same lattice symmetry as the (0, π) Néel state at large J 2 /J 1 10,11 . According to Table I , the reflection symmetry changes v to its complex conjugate, so it turns a skyrmion into an antiskyrmion.
Therefore, to have a reflection symmetric condensate, the order parameter needs to be a linear combination of spinon pair-skyrmion bound state and spinon pair-antiskyrmion bound state. We can show that there are two possibilities that satisfy all the symmetries except rotation:
The symmetry transformations of these two fields are also summarized in Table I . Under all symmetry transformations except R π/2 , the two bound-state operators either are invariant or become their complex conjugates, and they may also acquire a minus sign. Using the U(1) gauge invariance, the phase of the bound-state condensate can be fixed to be real, and the extra minus sign can also be canceled by a U(1) gauge transformation. Therefore the states obtained by condensing either f x or g x are nematic spin liquid states that preserve all other symmetries listed in Table I .
II. PHASE TRANSITION TO Z 2 SPIN LIQUID STATE.
In this section we discuss the phase transition to the Z 2 spin liquid state and the lowenergy excitations in the spin liquid state. We will show that the Z 2 spin liquid state can be reached from the deconfined quantum criticality by proliferating the spinon pairskyrmion/antiskyrmion bound states. Moreover, the vortex excitations of the bound-state condensate become the vison excitations in the Z 2 spin liquid state.
In the theory of the deconfined quantum criticality, killing the Néel order in a spin-
system on square lattice brings the system to the deconfined quantum critical point, which is described by the noncompact CP(1) model. Away from the critical point, the four-skyrmion tunneling events become a dangerously irrelevant perturbation that drives the system into a VBS phase. This phase transition can be described by the following effective Lagrangian:
where the λ v term represents four-skyrmion tunneling events.
Similarly, one can go from the deconfined quantum critical point to the Z 2 spin liquid phase with the bound-state operator as another dangerously irrelevant perturbation. Without losing generality, we consider condensing f x as an example. The operator f x can be decomposed into two fields describing bound states of spinon pair plus skyrmion or antiskyrmion, respectively:
As bound states, the gauge charge and flux carried by f ± x are the sum of gauge charges carried by the spinon pair and the sum of gauge flux carried by the skyrmion (or antiskyrmion).
Hence f ± x carries gauge charge 2e and gauge flux ±2π. In the CP(1) model, the gauge charge is conserved, while the flux is conserved modular 8π, as skyrmion number is conserved modular four. Therefore using the symmetry transformations listed in Table I we see that the following Lagrangian with a quartic term of bound-state operator is allowed by all lattice symmetries and gauge charge and flux conservations,
At the deconfined quantum critical point, the f ± x fields are gapless as both spinon pair and skyrmion/antiskyrmion fields are gapless. When we move away from the critical point, the λ f term in Eq. (11) becomes relevant and leads to the bound-state condensation. To be precise, this quartic term pins the phases of f ± x fields, which breaks the U(1) gauge symmetry in the CP(1) down to Z 2 and breaks the fourfold rotational symmetry. We leave the study of the renormalization group flow of this new quartic term to future works and only assume that such a scenario of deconfined criticality is possible. In the rest of this section we discuss the low-energy excitations in the phase obtained through bound-state condensation and argue that it is a gapped spin liquid state with Z 2 topological order. As we are condensing the bound state of spinon pair and skyrmion, the spinon excitations remain well defined in the condensed phase. Since the condensate carries gauge flux ±2π, the spinons are gapped. Therefore in the condensed phase there are spin- Moreover, from this analysis one can see that both spinon and vison gaps close at the critical point: The spinon gap closes since the spinon condenses to form the Néel order as we go across the critical point; the vison gap closes because the vortex core energy vanishes as the stiffness of the f ± x condensates vanishes at the critical point. This is consistent with the findings in the numerical studies 10, 11 that the gaps of spin-singlet and spin-triplet excitations close as one approaches the quantum critical point from the spin liquid side, and that both spin-spin and dimer-dimer correlations have power-law behavior at the critical point.
III. SCHWINGER BOSON MEAN FIELD STATE.
In this section we construct a microscopic description of the nematic spin liquid state obtained by condensing bound-state operator using the Schwinger boson representation.
The Schwinger boson method has been used to study different spin models. Particularly, the nearest neighbor Heisenberg model on square lattice has been studied using a U(1)
Schwinger boson spin liquid theory 19, 20 . Models with frustrations, like the J 1 -J 2 model, can be studied using a Z 2 Schwinger boson spin liquid theory 9 . In both cases, the Schwinger boson representation introduces fractionalized spinons and emergent gauge fields. Therefore, different projective ground state wave functions have different topological orders which can be classified using their PSG. Here we construct the particular mean field Hamiltonian that gives the projective ground state corresponding to the spin liquid which we obtain by the effective theory, by matching the PSG of the mean field Hamiltonian to the PSG obtained in Table I .
In the Schwinger boson representation, the spin degree of freedom is expressed using two flavors of bosons carrying spin-
where σ is a vector formed by the three Pauli matrices, α, β are spin indices taking values of up and down, and a iα are Schwinger boson operators carrying spin- where the Schwinger boson operator is redefined on sublattice B as the following,
where αβ is the total antisymmetric tensor. After this canonical transformation, the operator b iα is related to the physical spin operator as (−1) We start with a U(1) spin liquid state that corresponds to the deconfined quantum critical point described by the CP(1) model. Such state can be given by the following mean field
Hamiltonian that contains a uniform hopping term on nearest-neighbor bonds 28 ,
where P is a mean field order parameter representing the hopping matrix element on nearestneighbor bonds. This mean field Hamiltonian is invariant under U(1) gauge transformation b iα → b iα e iθ , and hence it is coupled to an emergent U(1) gauge field. Moreover, the symmetry transformation of the spinon operator b iα , as summarized in Table III , is the same as the CP(1) spinon field z α 26 . Consequently the U(1) spin liquid state described here using Schwinger bosons represents the same deconfined quantum critical point as in the case of the CP(1) model in Eq. (1), and the low-energy mode of b iα corresponds to z α . Next, we study Z 2 spin liquid states adjacent to the deconfined quantum critical point.
Naturally, such states can be constructed on top of this U(1) spin liquid state. Motivated by the J 1 -J 2 model, we consider adding the following pairing term on the diagonal bonds, which can lower the mean-field energy due to the J 2 coupling in the Hamiltonian,
where Q ij is the mean-field order parameter representing pairing on next-nearest-neighbor (or diagonal) bonds, and it is proportional to the mean-field expectation value of the spinon pair operator,
Such a pairing term breaks the U(1) gauge symmetry and therefore changes the gauge fluctuation to Z 2 through the Higgs mechanism.
In Sec. I, the Z 2 spin liquid state is obtained by condensing the bound-state operator defined in Eq. (8) . In analogy, the Z 2 spin liquid state described here using Schwinger boson framework is obtained by condensing pairs of Schwinger boson operators. Consequently, in order to realize the same Z 2 spin liquid state using Schwinger bosons, we need to find the particular form of the spinon pair operator that corresponds to the bound-state operator.
At first glance, this task is not trivial because the bound-state operator carries a skyrmion quantum number, which is a topological defect of the spin state. In the theory of the deconfined quantum criticality, the skyrmion operator is related to the order parameter of the VBS state using the argument that the two operators transform in the same way under all symmetry transformations, and therefore have the same scaling behavior near the critical point 13 . Similarly, we can find the form of the bound-state operator in terms of Schwinger boson operators by comparing how they transform under symmetry operations. In our case, we need to find a Schwinger boson pair operator that has not only the same symmetry, but also the same PSG as the bound-state operator, as both operators carry gauge charge 2e
and are thus gauge covariant. Moreover, having the same PSG suggests that the two states have the same topological order, which is required if they are indeed the same state.
The symmetry and topological order of the Z 2 spin liquid ground state specified by the mean-field Hamiltonian in Eqs. (14) and (15) are determined from analyzing the PSG of the mean-field order parameters, particularly the diagonal pairing order parameter Q ij . Lattice symmetries and time-reversal symmetry require that Q ij takes real values with the same absolute value on all bonds, but it can have different signs on different bonds. The sign of Q ij can be conveniently expressed by specifying an orientation of the bond along which Q ij is positive, as Q ij = −Q ji . Hence a pattern of Q ij can be determined by specifying orientations of all diagonal bonds. Then the PSG of this pattern can be worked out using the signs of Q ij and the symmetry transformation of Schwinger boson operators listed in Table III . By matching the symmetry transformation with the PSG of the bound-state operator listed in Table I , we find the configuration of Q ij that gives the same spin liquid state as obtained in Sec. I by condensing f x and g x operators, and the configurations we find are plotted in 
IV. VARIATIONAL MONTE CARLO STUDY.
In this section we study the ground-state wave function of the Schwinger boson projective ansatz using the variational Monte Carlo (VMC) method. Here our primary goal is to illustrate that the projective ansatz we propose based on the effective theory analysis has a relatively low variational energy and is a possible candidate state. Due to the sign problem in the VMC simulation, our study cannot determine whether the Schwinger boson projective ansatz is the ground state of the J 1 -J 2 model.
Applying a Gutzwiller projection on mean-field ground-state wave functions is a commonly used technique to improve the mean-field results 29 , and such a projection can be evaluated using the VMC method. While being a popular technique to study fermionic projective ansatzes, the VMC method is hard to apply to Schwinger boson wave functions due to the difficulty of calculating permanents 30 .
Here we use an alternative VMC method that is based on the non-orthogonal valence bond basis, which is first introduced by Liang et al. 24 . The Schwinger boson mean-field ground-state wave function can be easily written in the valence bond basis. Following the notation in Ref. 31 , the wave function has the following form:
where V r denotes different spin-singlet valence bond covering configurations,
with a r i and b r i denoting the lattice sites of the ith valence bond, and we assume that the weight of each configuration is given by a product of the weight of each bond,
Using the a iα Schwinger boson operators, the mean field Hamiltonian in Eq. (14) and (15) has the following form,
and contains pairing terms on both nearest-neighbor and diagonal bonds. As a result, after applying the Gutzwiller projection, the Schwinger boson mean-field wave function can be written in forms of Eq. (17) On the other hand, the sign of the weights is determined from the projective symmetry group of the mean-field ansatz. For a U(1) spin liquid ansatz, the ground state in Eq. (20) contains only valence bond pairings between two sublattices and the weights are all positive(the orientation of bonds is chosen to be pointing from sublattice A to sublattice B 24 ).
Therefore the VMC does not have any sign problem and converges rapidly. However, the Z 2 spin liquid state obtained after condensing the spinon pair operator in Eq. (16) Starting from this critical U(1) spin liquid state, we obtain a Z 2 spin liquid state by adding a small weight of diagonal pairing, and the signs of the diagonal pairing are given by the ansatz shown in Fig. 2 . The numerical results are listed in Table IV . For either ansatz, we observe that there is no change in the ground-state energy within our statistical errors, but for the f x ansatz, introducing the diagonal pairing creates anisotropy in nearest-neighbor spin-spin correlation. In other words, the Z 2 spin liquid state with a diagonal pairing does not improve the energy. Our numerical study suggests that the bosonic nematic spin liquid state has a low ground-state energy as a variational state, but whether it is the ground state of the J 1 -J 2 model cannot be concluded from our variational calculation. On the other hand, the anisotropic S i · S j on nearest-neighbor bonds implies that this nematic spin liquid 
V. CONCLUSIONS
In this paper we have discussed a possible scenario of obtaining a Z 2 spin liquid phase from the Néel phase in a spin- we can describe the Z 2 spin liquid state using a Schwinger boson projective wave function and the bound-state operator maps to a pairing operator on diagonal bonds with a certain PSG. We calculate the ground-state energy of the Schwinger boson projective wave function using the variational Monte Carlo method and find that it has a relatively low energy. The spin liquid state we obtain has the Z 2 topological order, and therefore the entanglement entropy contains the universal constant γ = ln 2, which is consistent with the observations in numerical studies 10, 11 .
The spin liquid state we obtain in this work is nematic as it has all translational symmetries of the square lattice but breaks the fourfold rotational symmetry down to twofold.
The result that we could not find a rotational symmetric spin liquid state is consistent with previous studies on slave-particle constructions of spin liquid states on the square lattice.
On one hand, using the Schwinger boson framework, nematic spin liquid states have been proposed on a square lattice 7, 8 , and have been used to study the J 1 -J 2 model 9 . Moreover, the PSG analysis 34 shows that all bosonic spin liquid states that have zero-flux hopping on nearest-neighbor bonds and nonvanishing pairing on diagonal bonds are nematic. In other words, all Z 2 spin liquid states obtained by adding pairing on diagonal bonds on top of the U(1) spin liquid state are nematic. On the other hand, the PSG analysis on fermionic spin liquid states 22 shows that there is no rotational symmetric gapped Z 2 spin liquid state adjacent to the π-flux U(1) spin liquid state. In summary, neither a bosonic nor fermionic slave particle framework can describe a rotational symmetric gapped Z 2 spin liquid state that can be connected to the Néel state through a continuous phase transition. Furthermore, we note that a similar lattice symmetry-breaking spin liquid state is proposed for the kagome lattice Heisenberg model 35 . However, on the square lattice the lattice symmetry breaking plays a more crucial role in the Z 2 spin liquid state, because without such symmetry breaking the spin liquid state would be coupled to a U(1) gauge field instead, which would make it unstable in two dimensions 28 .
One key result of this theoretical work is that on the square lattice, the gapped spin liquid state obtained through a direct second-order phase transition from the Néel state is a nematic spin liquid state that breaks the four-fold rotational symmetry. Such symmetry breaking is neither observed nor ruled out in numerical studies of the J 1 -J 2 model. On one hand, the system studied in Ref. 10 and VMC methods 37 provide evidence for a gapless spin liquid state. Therefore we hope future numerical studies can resolve this controversy and determine whether our critical theory can be applied to the J 1 -J 2 model on a square lattice.
Even though the nematic spin liquid state we have proposed may not describe the ground state of the J 1 -J 2 model, it still might be realized in a model that lacks C 4 lattice rotational symmetry, as suggested by our variational study described in Sec. IV. We note that our theoretical analysis in Sec. I-III also applies to an anisotropic model. Particularly, the symmetry transformations listed in Table I generate all lattice symmetry operations of an anisotropic square lattice if one replaces the rotation R π/2 by R π = R 2 π/2 . Hence the same novel quantum critical point between the Néel and the Z 2 spin liquid state also exists in an anisotropic model. Therefore it will be interesting to study the anisotropic J 1x -J 1y -J 2 model to see if the anisotropy helps to stabilize the nematic spin liquid state found in this work. 
